Tuberculosis (TB) is one of the top 10 causes of death globally and the leading cause of death by a single infectious pathogen. The World Health Organization (WHO) has declared the End TB Strategy, which targets a 90% reduction in the incidence rate by the year 2035 compared to the level in the year 2015. In this work, a TB model is considered to understand the transmission dynamics in the top three TB burden countries-India, China, and Indonesia. Country-specific epidemiological parameters were identified using data reported by the WHO. If India and Indonesia succeed in enhancing their treatment protocols and increase treatment and treatment success rate to that of China, the incidence rate could be reduced by 65.99% and 68.49%, respectively, by the end of 2035. Evidently, complementary interventions are essential to achieve the WHO target. Our analytical approach utilizes optimal control theory to obtain time-dependent nonpharmaceutical and latent case finding controls. The objective functional of the optimal control problem includes a payoff term reflecting the goal set by WHO. Appropriate combinations of control strategies are investigated. Based on the results, gradual enhancement and continuous implementation of intervention measures are recommended in each country.
Introduction
Tuberculosis (TB), an infectious disease caused by the bacillus Mycobacterium tuberculosis, is one of the top 10 causes of death globally and the leading cause of death by a single infectious pathogen. According to the Global Tuberculosis Report 2019, it is estimated that in 2018, 10 million individuals developed TB and that approximately 1.23 million (including HIV-positive) deaths were TB-induced. The severity of national TB epidemics varies significantly among countries. In most high-income countries, fewer than 10 new cases per 100,000 population were reported, whereas this number was increased to 150-400 cases in most of the 30 high TB burden countries. The 30 countries with the highest TB burden, as listed by the World Health Organization (WHO), accounted for 87% of the cases worldwide. Two third of the world's TB cases occurred in India (27%), China (9%), Indonesia (8%), the Philippines (6%), a1111111111 a1111111111 a1111111111 a1111111111 a1111111111 Pakistan (6%), Nigeria (4%), Bangladesh (4%) and South Africa (3%). Considerable progress in TB treatment and cure has resulted in a steady decrease in the number of incident cases and deaths in recent years [1] . Notwithstanding these developments, TB disease continues to be a major public health concern in many countries. The "end" of TB as an epidemic remains an aspiration and a distant reality. The United Nations (UN) held its first high-level meeting on TB in September 2018, emphasizing the need for urgent action to accelerate the progress toward eliminating the epidemic by 2030. All the member states of the WHO and UN have committed to end the global prevalence TB, initially through their unanimous endorsement of the WHO's End TB Strategy in May 2014, and then, through their adoption of the UN Sustainable Development Goals (SDGs) in September 2015. The End TB Strategy set specific targets of 95% and 90% reduction in TB deaths and incidence rates, respectively, by 2035 compared with the levels in 2015 [2] .
Mathematical modeling is effective for understanding the spread and control of infectious diseases [3] . In the assessment of the potential impacts of novel interventions, epidemiological models of disease transmission constitute an essential resource for informed policy decisions by public health sectors [4] . The first mathematical model describing the epidemiological trend of TB was developed by Waaler et al. [5] . It consisted of five discrete difference equations. The model parameters were estimated from observed data sets. The first continuous TB model composed of ordinary differential equations (ODE) was constructed by Revelle et al. [6] . A simple three-compartment TB model was constructed by Blower et al. [7] . They developed it further into a five-compartment model to incorporate TB endogenous reactivation and relapse. The basic reproduction number, epidemic doubling time, and threshold population size were derived. Model development progressed to include multi-strains, exogenous reinfection, and age-structure, as investigated by Castillo et al. [8] [9] [10] . The multi-strain model was developed by Cohen and Murray to investigate multidrug-resistant TB [11] . The effectiveness of chemoprophylaxis in preventing TB progression was studied by Bhunu et al. [12] . Liu and Zhang constructed a model to investigate the effects of vaccination and treatment on the spread of TB disease [13] . They calculated the basic reproductive number and analyzed the stability of equilibria.
To recommend or design TB epidemic control programs, our modeling approach utilizes the optimal control theory. It is a branch of mathematics developed to obtain optimal methods to control a dynamic system [14] [15] [16] . The optimal control theory applied to TB models attracts modelers' attention because it provides valuable insights to public health agents in decision and policy making. A pioneering work of Jung et al. considered a two-strain TB model to reduce the number of infected and latent individuals with resistant TB [17] . Two control strategies were proposed: a case finding control, which reduces the number of latent individuals who develop the disease [17, 18] ; and a case holding control, which decreases the incidence of acquired drug-resistant TB [17, 19] . Case finding and case holding strategies involving chemoprophylaxis, detection, and treatment controls are also proposed to minimize the number of individuals with active TB [20, 21] . In [22, 23] , optimal strategies considered reinfection and post-exposure interventions to minimize the number of active TB infectious and persistent latent individuals. Whang et al. recommended distancing control as a supplement to case finding and case holding controls. It represents the effort for minimizing the number of susceptible individuals who become infected (e.g., educational campaigns or isolation of infectious individuals), to reduce the number of latent and active infectious individuals [24] . The impacts of these three control strategies in reducing the number of TB infected and infectious individuals were investigated further in [25] . In addition, a higher TB budget allocation in the Republic of Korea was proposed. The latter TB model was modified and adapted to describe TB transmission in the Philippines and identify control strategies for mitigating the disease [26] . Apart from distancing and case holding, latent and active case finding controls are considered. It was recommended that the Philippine government should intensify efforts for achieving active case finding control, to effectively and efficiently convince active TB patients to undergo appropriate diagnosis and treatment. Gao and Huang also applied the optimal control theory to a TB model and proposed control strategies that minimize the disease burden and intervention costs [27] . A concise review on the application of the optimal control theory to TB models is available in [28] .
In this work, various TB control strategies, both constant and optimal interventions, are investigated. Among the top three TB burden countries under consideration, China exhibits the highest treatment success probability [29] and has implemented a considerable number of effective treatment measures. For India and Indonesia, constant case holding and active case finding control efforts are explored by decreasing the treatment failure probability and increasing the treatment rate, respectively, to China's epidemiological parameter values. The numerical results revealed that even combined constant controls failed to achieve the 2035 target set by the WHO. This prompted the use of optimal control techniques. In the present framework, the objective functional is effectively selected to achieve a specific goal with minimal cost. In particular, a payoff term consisting of a 90% reduction in TB incidence rate by 2035 (compared to the 2015 level) is incorporated.
This paper is organized as follows: A mathematical model for TB transmission dynamics is presented in the following section. The basic reproductive number R 0 is then computed for each respective country. The TB intervention strategies are introduced in this section. The estimated parameters are presented in the Results and Discussion section. The population growth and TB incidence rates by 2035 are projected using the model. Constant and optimal TB control strategies are also discussed in this section. Various control measures including distancing (nonpharmaceutical), latent and active case finding, treatment, and combinations thereof are delineated. The final section summarizes the findings and presents an outlook for future research directions.
Materials and methods

Data on the three TB burden countries
The population and TB data are used to identify epidemiological parameters of the top three TB burden countries. Data is retrieved from the WHO's global tuberculosis database. For each country, the estimated total population and TB incidence rate per 100,000 individuals during the years from 2000 to 2017 are retrieved from WHO TB burden estimates. The treatment failure rate and TB-induced death rate are calculated based on the report on treatment outcomes [29] .
Mathematical model of TB
The TB model under consideration is adapted from our previous studies [24] [25] [26] . The total population (N) is divided into four epidemiological subgroups: susceptible (S), high-risk latent (E), active TB (I), and low-risk latent (L) individuals. Fig 1 displays the flow diagram of the TB transmission dynamics.
The susceptible individuals (S) moved to the high-risk latent group (E) through infection acquired from active TB patients (I). Not every infected individual is infectious. Those who are TB-infected but not infectious are called latent TB individuals, whereas infectious individuals are called active TB patients. There are no apparent symptoms during the latent period. A few individuals in the high-risk latent group progress to the active TB compartment. It is established that 5-15% of TB infected individuals exhibit a risk of falling ill with TB during their lifetime [30] . Note that tubercle bacilli, the TB-causing bacteria are not eliminated after the treatment. The bacilli remain in the body with a lower risk of progression to active TB. Individuals with TB bacilli who are low-risk latently infected are classified as low-risk latent individuals (L). However, the progression from low-risk latent to active TB is not considered in this work. The TB transmission dynamics is described by the following ODEs:
where N = S + E + I + L. The parameters b and μ represent the effective birth rate and natural death rate, respectively. The transmission rate is denoted by β. The parameter κ indicates the progression rate from the high-risk latent group to active TB, whereas α represents the progression rate from the high-risk to low-risk latent group. The treatment rate and TB-induced mortality rate are denoted by r and d, respectively. Active TB patients need to take regular medication for at least nine months to complete the TB treatment. However, anti-TB drugs induce mild to severe side effects and occasionally require a change in medication. Managing these side effects constitute a major factor in the adherence to TB treatment [31] . Failure to complete the treatment within the desired duration could result in undesirable TB drug-resistance. In this model, active TB patients who did not complete the TB treatment are denoted by prI. Here, p indicates the treatment failure rate. Therefore, 1 − p is the treatment success rate.
TB intervention strategy
To eliminate the TB epidemic, various integrated intervention strategies have been implemented, such as health campaigns enhancing personal hygiene, detection of active TB patients, and monitoring of individuals to ensure completion of the TB treatment course. The TB intervention strategies can be classified into four categories: nonpharmaceutical control, latent case finding control, active case finding control, and case holding control. Nonpharmaceutical control encompasses all measures that do not employ medication. Educational health campaigns, quarantine, and isolation of active TB patients are included. In the present model, these efforts can be represented by decreasing the transmission rate β. Latent case finding control involves screening of high-risk latent individuals and their treatment to reduce the risk of progression. The treatment administration is called chemoprophylaxis. This control measure can be strengthened by increasing α in the model. The active case finding control entails effective detection, diagnosis, and cure of active TB patients. This control can be enhanced if r is increased. Case holding control is the effort for reducing the treatment failure rate p. Because of the side effect of the drugs and economic burden of the treatment, a few patients do not complete the treatment course. The directly observed treatment short (DOTS) course and financial support of TB treatment are included in case holding control. The aim of this study is to recommend effective country-based intervention strategy to attain the percentage reduction in incidence rate level targeted by the WHO. The control needs to be prioritized to identify effective intervention strategies. It is inferred that controls aimed at smaller groups can be assessed as more efficient. For example, active case finding control focuses on individuals who exhibit TB-like symptoms, and case holding control monitors patients who are under treatment. The target population of these controls is specific and relatively small. Thus, control efficiency can be evaluated effectively. In contrast, latent TB case finding control requires screening of individuals not exhibiting TB symptoms. Essentially, this control considers the entire population to be screened for latent TB. Hence, it targets a large group, making the assessment more challenging.
In this work, constant intervention strategies, optimal time-dependent intervention strategies, and their combinations are investigated to achieve the End TB strategy by the WHO.
Results and discussion
Parameter estimation
The epidemiological parameters are estimated using the data available for each country during the years 2000 to 2017 [29] . The effective birth and death rates are identified as follows. Adding the four ODEs in Eq (1) yields dN dt ¼ bN À mN À dI: Because the number of TB-induced deaths (dI) is smaller than the other two terms (bN and μN), the equation can be approximated Table 1 .
The infectious period is the average duration that individuals spend in the active TB state. It can be calculated by 1/(r + μ + d) in the mathematical model (1) . The average infectious period is estimated as 1.6097 years in India, 1.5928 years in China, and 2.4357 years in Indonesia. Considering that the average treatment period for active TB is up to one year, the infectious period is relatively long. A few active TB individuals are unaware of their infection. They remain undiagnosed and spread TB to other susceptible individuals. This could imply that there is a time delay from being active TB to taking the treatment.
The basic reproductive number R 0 indicates the number of secondary cases from a primary case in the whole susceptible population. The value of R 0 indicates whether the disease will persist or not. If R 0 is lager than one, the number of cases increases and epidemic occurs. In contrast, the disease will die out if R 0 is less than one. From the mathematical model (1), R 0 is calculated using the next generation method [36, 37] as
The estimated R 0 for Indonesia (3.2557) is the highest, followed by India (1.8463) and China (1.3485). Fig 4 displays the expected numbers of new incident cases (left) and incidence rates (right) for the period till 2035, obtained from the TB model by using the identified epidemiological p treatment failure probability 0.2250 0.0656 0.1267 [29] ðE 0 þL 0 Þ N 0 initial proportion of high-risk and low-risk latent individuals 0.4000 0.3000 0.6600 [34] for India [35] for China and Indonesia † fitted from the total population data ‡ fitted from the incidence data https://doi.org/10.1371/journal.pone.0230964.t001 parameters listed in Table 1 . The curves represent the projected trends assuming no significant improvement in the present TB intervention policies. The number of incident cases in India is the highest, whereas the incidence rate in Indonesia is the highest. Note that the number of incident cases in Indonesia will exceed that of China in a few years. Although the incidence rates of all three countries are decreasing, it is inadequate to satisfy the WHO's End TB Strategy goal of 90% reduction by 2035 compared to the 2015 level. Hence, the present intervention strategies should be intensified, and/or additional controls should be implemented.
TB constant control strategy
We first consider the case holding and active case finding controls with smaller target groups than those for the other controls. Among the three countries, China has superior TB treatment strategy, as indicated by the higher treatment rate r of approximately 0.5422 and treatment success rate (1 − p) of approximately 93%. We investigate the impact on the percentage reductions in the TB incidence rate in India and Indonesia if they follow China's treatment intervention scheme. In particular, India's and Indonesia's epidemiological parameters p and r are replaced by China's parameters. For clarity, the treatment failure and treatment rates in China are denoted byp andr, respectively. Three TB constant control strategies are considered for India and Indonesia: (C1) where only the case holding control strategy is intensified, i.e., p is decreased top; (C2) where only the active case finding efforts are intensified, i.e., r is increased tor and (C3), where both case holding and active case finding interventions are intensified, i.e.,p andr are used. The expected percentage reductions in incidence rate compared to 2015 level are listed in Table 2 . Note that the incidence rate per 100,000 is 217 in India, 65 in China, and 325 in Indonesia.
Enhancing only case holding control in India and Indonesia is likely to yield percentage reductions in TB incidence rate of 33.44% and 3.32%, respectively. This strategy is subpar in mitigating TB in the two countries. It is noteworthy that an increase in the treatment success rate to approximately 93% yields an insignificant result for Indonesia owing to its relatively low treatment rate of approximately 0.2472. It can be inferred that because the proportion of active TB patients who are receiving the treatment is marginal, case holding control is less effective. When only the active case finding control is intensified, a considerable decrease in the TB incidence rate is likely: 63.95% and 67.65% reduction in India and Indonesia, respectively. Compared to constant case holding control C1, constant active case finding control C2 can reduce TB incidence rates further. Combining the two strategies is expected to yield incidence rate reductions of 65.99% in India and and 68.49% in Indonesia. The projected trends of incidence rates without control improvement (dotted) and with combined enhanced case holding and active case finding controls (solid) are depicted in Fig 5. Because no additional control strategy is applied in China, the percentage reduction is not shown.
Intensifying case holding and active case finding controls warrants reductions in the incidence rates in India and Indonesia, although insufficient to attain the End TB Strategy goal by 2035. Moreover, although China has a higher treatment rate and better treatment monitoring program, complementary interventions are required to achieve WHO's target. 
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TB optimal control strategy
Nonpharmaceutical and latent case finding controls are widely used TB intervention strategies. Optimal time-dependent controls can be obtained using the optimal control theory. The following is a system of a controlled TB model:
where N = S + E + I + L. Nonpharmaceutical control, denoted by u 1 (t), represents the effort for reducing the transmission rate of TB. Meanwhile, the latent case finding control, u 2 (t), increases the progression rate from E to L. It can be achieved by screening and treating the high-risk latent individuals. This is called a latent TB treatment or chemoprophylaxis. The optimal control problem is formulated considering the End TB Strategy target of 90% reduction in TB incidence rate by 2035 compared to the 2015 baseline. Concurrently, the implementation costs should be minimized. Guided by these compelling aspects, our objective functional is defined as
where T 0 and T 1 are taken as the years 2017 and 2035, respectively. The parameter C represents the number of incidents at the final time T 1 = 2035 satisfying the desired percentage reduction in the TB incidence rate. This value is dependent on the country's information on the present and projected incidence cases and total population, and can be computed from
IR 2015 indicates the incidence rate in 2015 in each country. For simplicity, N � (T 1 ) can be approximated using the state equations without control (refer to Eq (1)). The parameters A, B 1 , and B 2 are weight constants balancing the size and importance of terms in the objective functional (3). It depends on the incidence rate at T 0 in each country. The parameter A is set as 10 8 /(IR 2015 ) 2 [38] is used to solve the optimal control system. Characteristics of optimal control problems, including adjoint system, transversality condition, and optimality equations, are derived in the supplementary material.
The following intervention scenarios are considered.
• Scenario 1 (S1.1) only nonpharmaceutical control (u 1 (t)) (S1.2) nonpharmaceutical control with constant case holding and active case finding controls (u 1 (t),p, andr)
• Scenario 2 (S2.1) only latent case finding control (u 2 (t)) (S2.2) latent case finding control with constant case holding and active case finding controls (u 2 (t),p, andr)
• Scenario 3 (S3.1) nonpharmaceutical and latent case finding controls (u 1 (t) and u 2 (t)) (S3.2) nonpharmaceutical and latent case finding controls with constant case holding and active case finding controls (u 1 (t), u 2 (t),p, andr) Scenario 1: Nonpharmaceutical control strategy. The obtained optimal nonpharmaceutical control u 1 (t) and corresponding projected trends for incidence rate during the years 2017 to 2035 are displayed in Fig 6. Only optimal nonpharmaceutical strategy (solid) coupled with constant case holding and case holding controls (dash-dotted) are depicted in the panels on the left. The corresponding impacts of the controls on the incidence rate are illustrated in the panels on the right (with identical curve attributes), including without additional control measures (dotted) and the WHO target of 90% reduction by 2035 (black dashed line). The circles in the frames on the right mark the predicted percentage reduction in the incidence rate in 2025. This is for a comprehensive comparison with the End TB strategy milestone of 50% reduction by the year 2025.
The frames at the top depict tenable TB control measures in India when the nonpharmaceutical strategy is implemented. When constant active case finding and case holding controls are applied additionally (left panel, green dash-dotted), the nonpharmaceutical control effort is less than that without the two constant controls (left panel, green solid). For both the cases, nonpharmaceutical control needs to be enhanced gradually. Control implementation will continuously decrease the incidence rate, so that it will eventually attain the WHO's target in 2035. This is illustrated in the panel on the right. As would be anticipated, the incidence rate decreases faster when nonpharmaceutical control is coupled with the two constant controls. In both strategies, the expected percentage reductions in 2025 are 59.19% and 72.93%, indicating that the WHO's 2025 milestone would be attained.
Only nonpharmaceutical control is considered for China (middle frames) because the country's epidemiological parameter indicates high treatment and treatment success rates. As shown, the nonpharmaceutical effort should be intensified continuously to achieve the WHO 
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The frames at the bottom display the control implementation and respective incidence rate reduction in Indonesia. Analogous to the case in India, the nonpharmaceutical control is implemented to a significantly lesser extent when coupled with constant case holding and active case finding controls. The optimal controls signify an increasing implementation effort to decrease the incidence rate appreciably and attain the WHO target by 2035. However, it is remarkable that nonpharmaceutical control will yield a 32.84% reduction in the incidence rate, i.e., the 50% WHO milestone for 2025 will not be achieved. In this case, nonpharmaceutical measures should be enhanced dramatically. In addition, implementation efforts should be maximized toward the last quarter of 2017-2035, to achieve the WHO 2035 goal.
Scenario 2: Latent case finding control strategy. The optimal latent case finding control strategies for the top three TB burden countries are displayed in Fig 7. The optimal controls are depicted in the panels on the left, with the corresponding decreases in the incidence rates in the panels on the right.
The two frames at the top depict the latent control strategies for India and the expected reduction in TB incidence rate. The controls need to be strengthened regularly, with more effort and efficient implementation toward the end of the simulation time. In particular, without enhancement of active case finding and case holding controls (left panel, solid green), the latent case finding strategy should be implemented effectively with maximum effort as 2035 approaches. When two constant controls are additionally applied, less latent case finding measure is required (left panel, green dash-dotted). For both the cases, the projections for incidence rate reduction are similar, and the 90% decrease is achieved by 2035. The expected percentage reduction rates in 2025 are 76.52% and 76.74% in S2.1 and S2.2, respectively. The two constant controls (p, andr), which target smaller number of individuals, complement the latent case finding control. Therefore, less effort will be required in the combined controls, compared to the use of only the latent case finding strategy.
In China, only the latent case finding control is considered for reducing the incidence rate (middle frames). The control measure is increased marginally throughout the period, but enhanced strongly toward the latter period. The percentage reduction in the incidence rate in 2025 is 74.53%. Compared to Scenario 1, latent case finding control is used more extensively than nonpharmaceutical control, yielding a faster incidence rate reduction.
The frames at the bottom display the optimal latent case finding control strategies and the projected incidence rate reduction in Indonesia. Observe that complete implementation and maximum usage of latent case finding control for the entire period (left panel, blue solid) are not adequate to reduce the incidence rate to 90% (right panel, blue solid). Additional constant case finding and case holding controls will scale down the effort required for implementing the latent case finding measure (left panel, blue dash-dotted). These combined strategies will enable the attainment of the WHO incidence rate reduction target in 2035 (right panel, blue dash-dotted). In 2025, the expected reduction rate without and with additional two constant controls are 72.88% and 77.09%, respectively. It appears that the final target in 2035 can be achieved without additional constant controls. However, the reduction speed becomes slower and eventually fails to attain the WHO goal. The complete implementation of latent case finding control represents an amplification by almost two times, of the progression rate from E to L indicated by α. The simulation result reveals that for Indonesia, increasing the progression rate to two times will not suffice for 90% reduction. Hence, using latent case finding as a single control should increase α to over two times, or other strategies need to be combined. Note that an incidence rate reduction is realized when only nonpharmaceutical control is implemented (see Scenario 1). Scenario 3: Coupled control strategy. Fig 8 displays the coupled optimal controls (left panels) and the corresponding incidence rate reductions (right panels) for the top three TB burden countries. The solid curves depict cases without additional constant controls, whereas the dash-dotted curves represent strategies coupled with constant active case finding and case holding controls.
The coupled control strategies for India are depicted in the frames at the top. In the absence of novel improvements in other control efforts, optimal coupled nonpharmaceutical and latent case finding strategies exhibit a gradual increase and more intensified efforts toward the end of the simulation duration (left panels, green solid). In contrast, the inclusion of constant active case holding and case finding controls exhibit a marginal increase in the optimal controls (left panels, green dash-dotted). Implementation of these coupled strategies can enable the attainment of the WHO's 2025 milestone and its 2035 end TB goal, as depicted in the panel on the right. For China, a moderate enhancement of coupled optimal controls (middle, left panel) are required to achieve WHO's TB milestone and target in 2025 and 2035, respectively (middle frame, right panels, solid red). In the case of Indonesia, coupled strategy requires more intensified efforts in nonpharmaceutical control with a significant increase in the middle of the . Although this approach could enable the attainment of the 90% TB reduction target, the 2025 milestone is not attained with 38.23% expected incidence rate reduction (bottom frame, right panel, blue solid). If active case finding and case holding controls can be intensified and applied as constant controls, both nonpharmaceutical and latent case finding efforts will yield significant reduction (bottom frame, left panel, blue dash-dotted). Furthermore, both the 2025 milestone and 2035 target set by WHO will be realized (bottom frame, right panel, blue dashdotted).
Evidently, coupled strategies with constant controls constitute the proposed intervention strategies for India and Indonesia. Efforts are appropriated among the different controls. Thereby, the burden of implementation is reduced, and significant incidence rate reductions with respect to the WHO 2025 milestone and 2035 target are achieved.
Conclusion
Tuberculosis continues to be a major public health concern and poses a substantial economic burden in many countries. While there is a significant decrease in TB incident cases and deaths, TB epidemic elimination remains a far-fetched reality. The End TB Strategy set by WHO is aimed at achieving a 95% reduction in TB deaths and 90% decrease in incidence rates by 2035 compared with the 2015 baseline levels. Urgent actions are required to accelerate the progress toward the goal of ending TB. Consolidated efforts for prevention, improvement of coverage and quality of diagnosis, treatment, and care are significant measures toward achieving the WHO targets. These would entail unified activities from multi-sectors addressing social and economic determinants and consequences of TB, and those that enhance TB research and development, among others.
In this work, a dynamic TB model is considered to understand the transmission of the disease and determine potential interventions that could provide worthwhile insights for decision and policy making. The TB model under study is adapted to assess the top three TB burden countries: India, China, and Indonesia. Country-specific epidemiological parameters are identified using data reported by WHO and the estimated parameters are in the reasonable range of values. The identified model is utilized to capture the population growth trends and distinct TB incident cases among the countries. Furthermore, the model predicts the projected TB incidence rates in 2035.
The disparity in TB transmission among different countries as evidenced by the incidence data and fitted model demonstrates a demand for definitive control strategies suitable for each country. Because TB treatment success remains low (55% globally as reported by WHO [1] ), practical attempts require the enhancement of case holding control (e.g., improvement of DOTS program and financial support for TB treatment) and intensification of active case finding control (e.g., higher coverage and higher quality of diagnosis, and screening the patients exhibiting TB like symptoms). In our dynamic model, strengthening these control measures entail decreasing treatment probability failure p and increasing the treatment rate r. Available data and model fitting signifies that China has superior case holding and active case finding control programs compared to India and Indonesia. It is observed that China has the highest treatment rate r and treatment success probability rate (1 − p). If India and Indonesia can increase their (1 − p) and r values to those of China, reduction in the incidence rates by 65.99% and 68.49% in India and Indonesia respectively, are likely by the year 2035.
The implementation of effective TB control strategies necessitates appropriate budget allocations. In low-and middle-income countries, financial constraints handicap policy implementation. The pressing task at hand is to reduce the number of incident cases with minimum intervention cost. Our modeling framework employs the optimal control theory to address this issue. The objective functional of the optimal control problem is selected so as to include a payoff term in conjunction with the controls. The payoff term reflects the WHO's End TB Strategy target of 90% reduction in incidence rates by 2035 compared to the 2015 baseline level. The optimal control problem is formulated to determine effective TB intervention strategies that could achieve WHO's goal by 2035 with the minimum economic burden. The control solution is increasing, unlike a typical control problem without payoff term in the objective functional. It indicates the need for gradual enhancement and continuous implementation of intervention measures, and increasing budget allocation toward the end of 2035. This is a more practical approach because full control implementation requires a challenging paradigm shift in monetary appropriation, particularly from poverty-stricken countries. For India and Indonesia, the application of constant controls for case holding and active case finding efforts by raising their (1 − p) and r values to those of China need to be complemented with nonpharmaceutical and latent case finding measures, to achieve the goal of WHO's End TB Strategy. Note that even the present TB intervention policies in China, which has high treatment rates, require additional control efforts for the attainment of the WHO's target by 2035. Optimal control techniques are applied to obtain nonpharmaceutical and latent case finding intervention profiles. Various scenarios are considered. As anticipated, a combination of the different controls will yield more desirable outcomes. The results reveal the model's adaptability and its capability of designing intervention strategies based on a country's epidemiological parameters. Based on the optimal control results, it can be inferred that a strategic pipeline is to start/continue with modest control interventions, monitor and assess the programs annually, continuously develop innovative diagnostics and treatment regiments, and increase sustain funding. This is in accordance with the WHO's action plan to accelerate TB elimination [2] .
The effectiveness of control measures are influenced by social, economic, cultural, geographical, and other factors. Furthermore, different countries have diverse priorities and budgetary limitations. Therefore, intervention strategies should be adapted based on a country's specific needs. Further iterations of this modeling effort include a cost-effective analysis of the controls. It is effective to obtain better estimates on budget appropriation for mitigation programs of high TB burden countries. This could provide specific, efficient and practical intervention strategies. It has been reported that individuals living with HIV are 20-30 times more likely to develop active TB. Approximately 251,000 HIV-associated TB deaths and an estimate of 862,000 new TB cases among HIV-positive individuals have been identified [1] . Therefore, further model development should include the impact of TB-HIV coinfection in the transmission dynamics and corresponding mitigation strategies.
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